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Abstract—In this paper, we consider a full-duplex, decode-
and-forward, fading MIMO relay channel where the transmitters
have partial channel state information (CSI) and the receivers
have noisy channel estimates. Under block fading assumption,
we divide the transmission block into two parts: training phase
and data transmission phase. The destination and relay receivers
estimate the instantaneous channel realizations during the train-
ing phase by using linear minimum mean square error (MMSE)
estimation, extract the covariance information of the channel,
and feed it back to the source and relay transmitters. We obtain
a lower bound expression to the relay channel capacity in terms
of a max-min optimization problem over channel estimation and
data transmission parameters. By applying matrix differential
calculus, we jointly optimize this achievable rate over source
and relay transmit covariance matrices, training phase length,
training phase powers and training sequences.
Index Terms—MIMO relay channel, matrix differential calcu-

lus, covariance feedback, resource allocation, channel estimation.

I. INTRODUCTION

Multi antenna systems increase the capacity of the transmis-
sion channel without increasing the transmit power. Adding
a relay node and applying cooperative strategies are also
shown to increase the capacity. Therefore, it is only natural
to consider MIMO relay channels in order to satisfy the
increasing data rate demand. In MIMO transmission systems,
the achievable rate depends on the amount of CSI available
at the receivers and transmitters. The CSI is estimated by the
receiver who feeds the estimated CSI back to the transmitter.
After the transmitter acquires the estimated CSI, it adapts its
transmission scheme accordingly. As a result, higher data rates
can be obtained. However, in practice, the channel estimation
is always noisy, and feedback to the transmitter is limited.
In this paper, we consider a fading MIMO relay channel
with some practical assumptions, such that the transmitters
only have the statistical knowledge about the channel and the
channel estimation at the receivers is noisy.
In [1], a detailed description of the relay channel is given.

Although the capacity is not known in general, upper and
lower bounds can be derived. In [2], the ergodic rate and
outage probability are studied for single antenna relay channels
with decode and forward (DF) mode. In [3], a max-min type
of problem is introduced for the capacity bounds of fading
relay channels. In [4], MIMO relay channels are analyzed
when both the receivers and transmitters have perfect CSI.
In [5], a more realistic scenario is considered where only
the receiver side knows the perfect CSI and transmitters do
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not know the channel. It is found in [5] that the channel
inputs of the source and relay nodes are independent when
the channel is fading. When the receivers know the perfect
CSI and the transmitters know the partial CSI, we proposed
optimum resource allocation algorithms in [6].
For MIMO systems, the channel estimation error at the

receiver is discussed in [7], [8]. In [8], iterative algorithms
that find optimum training and data transmission parameters
are proposed for a point-to-point MIMO channel. In MIMO
relay systems, channel estimation is generally considered for
amplify and forward transmission scheme [9]–[11]. In [11],
LMMSE channel estimation is used for the case that relay
estimates source to relay link. In [12], maximum likelihood
and LMMSE techniques are used for MIMO multi-relay
systems using DF scheme. In [13], the source to relay link is
assumed to be stronger than source to destination link resulting
in a two-hop transmission.
In this paper, we optimize an achievable rate of a DF full

duplex MIMO relay channel with channel estimation error at
the receivers. The training phase has five parameters: training
signal of source and relay, training sequence length, and train-
ing sequence power of source and relay. The data transmission
phase is characterized by source and relay transmit covariance
matrices. The receiver uses linear MMSE estimator during
the training phase. For data transmission, we derive a lower
bound to the capacity in terms of a max-min type optimization
problem. We jointly optimize this achievable rate over all
parameters.

II. SYSTEM MODEL

We consider a fading MIMO relay channel when the re-
ceivers have a noisy channel estimate and the transmitters
only have the transmit covariance information. The channel
between a transmitter and a receiver is represented by a
random matrix Hxy where x refers to the transmitter node
and y refers to the receiver node (Fig. 1). The elements of the
channel matrix are assumed to be Gaussian random variables.
The received signals at the relay and destination nodes for
general MIMO relay channels can be written as

r = Hsrxs + nr (1)

y = Hsdxs +Hrdxr + ny (2)

where xs is an Ms × 1 signal transmitted from the source
node and xr is an Mr × 1 signal transmitted from the relay
node. The covariance matrices of the transmitted signals are
Qs = E[xsx

†
s] and Qr = E[xrx

†
r]. The received signal at the
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Fig. 1. MIMO relay channel

destination node, y, is Nd×1. The received signal at the relay
node, r, isNr×1 . The relay node is assumed to operate in full-
duplex mode. The channel matrices, Hsr, Hsd and Hrd, are
Nr×Ms, Nd×Ms and Nd×Mr dimensional matrices. Noise
vectors at the relay, nr, and at the destination, nd are zero-
mean, identity covariance complex Gaussian random vectors.
The statistical model that we consider in this paper is

the partial CSI model with covariance information at the
transmitters. The channel is written as [14]

Hxy = ZxyΣ
1/2
xy (3)

where Zxy is a zero-mean identity covariance Gaussian ran-
dom channel matrix, andΣxy is the correlation matrix between
the signals transmitted from the antennas on the transmitter to
an antenna on the receiver.
In our transmission model, a coherence interval, over which

the channel is fixed, is divided into two phases: training phase
and data transmission phase. Source (relay) uses Pts (Ptr)
amount of power during the training phase, and Pds (Pdr)
amount of power during the data transmission phase. We have
PsT = PtsTt + PdsTd due to the conservation of energy.
In MIMO relay channels with covariance feedback at the

transmitters and channel estimation error at the receivers, the
joint optimization problem is to maximize the achievable rate
of the data transmission phase. The data rate depends on
the channel estimation parameters (training signal, Ss for the
source and Sr for the relay, training signal power, Pts for the
source and Ptr for the relay, and the training signal duration,
Tt) and data transmission parameters (transmit covariance
matrix, Qs for the source and Qr for the relay). We jointly
optimize the achievable rate over all these parameters.
We first consider the channel estimation process, and cal-

culate the covariance matrix of the channel estimation error
which depends on the covariance matrix of the channel and
the training signal. Then, we move to the data transmission
phase and derive an achievable rate, which depends on the
covariance matrix of the channel estimation error. Finally, we
optimize the achievable rate to find optimum training and data
transmission parameters.

III. MATRIX DIFFERENTIAL CALCULUS

In this section, we introduce matrix differential calculus
[15] that will be useful in later sections. The differential
is the linear part of the increment of the value of a real
scaler function, φ(x + u) − φ(x), at a fixed point x with
an increment u. Let us denote the derivative of the function
φ at the point x is as φ′(x). The differential is denoted by

dφ(x;u) and it is equal to dφ(x;u) = uφ′(x). Similarly, the
differential of a real vector valued function f is defined as
df(x;u) = A(x)u, where m × n dimensional matrix A(x)
is called the first derivative of f at x. It is important to note
here that while the differential of a vector valued function is a
vector, derivative of a vector valued function is a matrix. Since
dealing with a matrix is cumbersome, partial derivatives are
often used in optimization problems involving vector valued
functions. The differential of a real matrix valued function, F ,
can be determined using the vector representation of matrices
as vec dF (X;U) = A(X)vec X, where the Jacobian is an
mp× nq matrix DF (X) = A(X).
Given a matrix function F (X), determining its derivative

from its differential is carried out as follows: (i) compute the
differential of F (X), (ii) vectorize to obtain d vec F (X) =
A(X)d vec X, and (iii) conclude that DF (X) = A(X).
In this paper, we mainly deal with scalar functions, φ :
R

n×q → R, of matrix variables. In this case, the derivative
can be written as Dφ(X) = ∂φ(X)

∂(vec XT ) . However, the idea
of arranging the partial derivatives of φ(X) into a matrix
(rather than a vector) is appealing and sometimes useful, so
with a slight abuse of notation we use Dφ(X) = ∂φ(X)

∂X .
For scaler functions of matrix variable, the differential of
φ(X) is given as [15] dφ = (vecA)T d vec X which is also
equal to dφ = tr(AT dX), where Jacobian matrix is given as
Dφ(X) = ∂φ(X)

∂X = A.
Here, we give some important differentials that will be

useful later. Differential with respect to X of the trace of
a matrix, tr(X), can be calculated as d tr(X) = tr(dX).
Therefore, the derivative of tr(X) is Dtr(X) = I.
Given a matrix H, the differential with respect to X

of the expression log |I + HXH†| can be calculated as
d log |I+HXH†| = tr(H†(I+HXH†)−1HdX). Therefore,
the derivative of the expression is D log |I + HXH†| =
H†(I+HXH†)−1H.

IV. TRAINING AND CHANNEL ESTIMATION PHASE

A way to estimate the channel is to send training symbols
before the data transmission starts. The receiver estimates the
channel by using the known training signals and the output
of the channel. Since the channel is fixed during the entire
block, the input-output relationship during the training phase
in matrix form can be written as

Rt = HsrSs +Nr (4)

Yt = HsdSs +HrdSr +Ny (5)

where Ss and Sr are Ms × Tt dimensional training signals
that will be chosen and known at both the transmitter and
the receiver, Rt and Nr are Nr × Tt dimensional received
signal and noise matrices at the relay node, Yt and Ny are
Nd×Tt dimensional received signal and noise matrices at the
destination node, respectively. The power constraint for the
training input signal are 1

Tt

tr(SsS
†
s) ≤ Pts for the relay node

and 1
Tt

tr(SrS
†
r) ≤ Ptr for the destination node.

Due to the channel model in (3), the entries in a row
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of Hxy are correlated, and the entries in a column of Hxy

are uncorrelated. Therefore, row i of Hxy is (hxy
i )†, with

E[hxy
i (hxy

i )†] = Σxy . Let us denote that

Hmac = [Hsd Hrd] (6)

S† = [S†
s S†

r] (7)

where row i of Hmac is (hmac
i )† =

[
(hsd

i )† (hrd
i )†

]
and

Σmac = diag{Σsd,Σrd}. Since the rows are independent and
identically distributed (i.i.d.), the receiver can estimate each of
them independently using the same training signal. Re-writing
(4)-(5), we get

rti = S†
sh

sr
i + nr

ti (8)

yti = S†hmac
i + n

y
ti (9)

where r
†
ti and y

†
ti are row i of Rt and Yt, respectively.

Receivers estimate the channel vectors, (hsr
i and hmac

i ) using
the received signals, (rti and yti) and the training signals
(Ss and Sr) by applying linear MMSE estimation, which is
optimal when the random variables involved in the estimation
are Gaussian. In order to find the linear MMSE estimators,
the following optimization problems are solved with ĥi

sr
=

Msrrti and ĥi
mac

= Mmacyti, where h̃i
sr

= hsr
i − ĥi

sr
and

h̃i
mac

= hmac
i − ĥi

mac
are the channel estimation errors. The

minimum MMSE matrices can be found as

Σ̃sr = min
Msr

E
[
h̃sr
i (h̃sr

i )†
]
= tr

(
(Σ−1

sr + SsS
†
s)

−1
)

(10)

Σ̃mac =min
Mmac

E
[
h̃mac
i (h̃mac

i )†
]
= tr

(
(Σ−1

mac + SS†)−1
)
(11)

where the results follow from the orthogonality principle and
the matrix inversion lemma. Note that the minimum mean
square error matrices of the channel estimation, i.e., the
covariance matrices of the channel estimation error contains
the channel covariance matrices and the training signals. This
error covariance matrices will appear in the achievable rate
expression in the following section. As a result, achievable
rate optimization problem will be carried out over the training
signals as well.

V. DATA TRANSMISSION PHASE

When the CSI at the receiver is noisy, optimum input
signaling that achieves the capacity is unknown. Using the
channel estimation error, H̃ = H−Ĥ, the relay channel model
can be written as

r = Ĥsrxs + H̃srxs + nr (12)

y = Ĥsdxs + H̃sdxs + Ĥrdxr + H̃rdxr + ny (13)

where xs and xr are information carrying inputs, nr and ny

are zero-mean, identity covariance complex Gaussian vectors.
Average power constraints during data transmission phase are
tr(Qs) ≤ Pds and tr(Qr) ≤ Pdr. It is possible to calculate
effective noise covariance matrices of the source to relay and
MAC links as

Rsr = I+ E
[
H̃srQsH̃

†
sr

]
(14)

and

Rmac = I+ E
[
H̃sdQsH̃

†
sd + H̃rdQrH̃

†
rd

]
. (15)

We can write the (i, j)th entry of E
[
H̃xyQxH̃

†
xy

]
as

E
[
(h̃xy

i )†Qxh̃
xy
j

]
= tr

(
QE

[
h̃
xy
i (h̃xy

j )†
])

(16)

which is equal to zero when i �= j and to tr
(
QxΣ̃xy

)
when

i = j. Using [6], [7], the lower bound on the capacity with
channel estimation error can be written as

C ≥ Ilower = max
(Qs,Qr,Ss,Sr,Pt,Tt)

min(Isr , Imac) (17)

Isr =
T − Tt

T
E

⎡
⎣log

∣∣∣∣∣∣I+
ĤsrQsĤ

†
sr

1 + tr
(
QsΣ̃sr

)
∣∣∣∣∣∣
⎤
⎦ (18)

Imac=
T−Tt

T
E

⎡
⎣log

∣∣∣∣∣∣I+
ĤsdQsĤ

†
sd+ĤrdQrĤ

†
rd

1+tr
(
QsΣ̃sd

)
+tr

(
QrΣ̃rd

)
∣∣∣∣∣∣
⎤
⎦ (19)

where T−Tt

T reflects the amount of time spent during the
training phase. Note that the maximization is over the training
parameters and the data transmission parameters. In this paper,
we assume that Tt and Pt are fixed. Optimization over these
parameters can be carried out similarly to [8], and will be
provided in an extended journal version of this work.
While optimizing the lower bound, a max-min type opti-

mization problem needs to be solved. We utilize a method
that is proposed in [3]. In this method, the following function
R of α and S = (Qs,Qr,Ss,Sr) is defined as

R(α,S) = αImac(S) + (1 − α)Isr(S). (20)

The max-min problem in (17) corresponds to first maximizing
R(α,S) over S for a fixed α, and then taking the minimum
over α [3]. Let us define V(α) as V(α) = maxR(α,S) and
suppose that α∗ provides the minimum value of V(α). We
have,

Ilower = min
α

max
S

R(α,S). (21)

The maximization part of the problem in (21) is different
depending on the value of α. When α = 0 and α = 1, the
problem reduces to maximizing Isr and Imac, respectively.
Including 0 < α < 1, we have three cases.
Case 1: In the first case (α = 0), R(α,S) = Isr(S) and the

condition Imac(S) ≥ Isr(S) should be satisfied [3]. Since the
achievable rate is found by maximizing Isr(S) only, we find
the source training signal, Ss, the source transmit covariance
matrix, Qs, as a solution to the point-to-point problem from
source to relay. This solution is different than the one given in
[8], where Ss was chosen to minimize the channel estimation
error. Here, a more accurate and analytically harder problem
is solved and Ss is chosen to maximize the achievable rate.
Next, we find the relay training signal, Sr, and the relay

transmit covariance matrix, Qr, by maximizing Imac(S) with
a fixed Qs and Ss. Since this is equivalent to a single-
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user problem, here we only provide optimization of Isr . The
Lagrangian of the optimization problem is written as

L = Isr(S)− μs(tr(Qs)Td + tr(SS†)− PdsTd) (22)

where μs is the Lagrangian multiplier. Using matrix dif-
ferential calculus, we take the derivative of the Lagrangian
with respect to Qs and obtain Karush-Kuhn-Tucker (KKT)
conditions corresponding to Qs as

Td

T
E

[
1

M
K−

1

M2
tr (KQs) Σ̃sr

]
≤ μsITd (23)

where Dsr is the inside of the determinant in (18), M =

1+ tr
(
QsΣ̃sr

)
and K = Ĥ†

srD
−1
sr Ĥsr. The KKT conditions

in (23) are satisfied with equalities whenQs is positive definite
and with strict inequalities when Qs is a zero matrix. In order
to solve for Qs, we need equalities for all values of Qs.
Therefore, we utilize the reasoning that is first introduced in
[16]. Let us denote the expectation expression at the left hand
side of (23) as E1. We multiplying both sides of (23) with Qs

in order to obtain equalities when Qs equal to zero as well.
Next, we apply the trace operator to both sides to get

1

T
tr(E1Qs) = μstr(Qs). (24)

Since the optimization is over training signals as well, we need
to find a similar equation involving Ss. Taking the differential
of the Lagrangian with respect to the training signal, Ss, we
obtain

dL =
Td

T
E
[
tr
(
D−1

sr dDsr

)]
− 2μstr

(
d(Ss)S

†
s

)
(25)

In order to find dDsr , we use the partial differential rule [15,
pg167] to get the KKT conditions corresponding to Ss

Td

T
E

[
1

M2
tr
(
Ĥ†

srD
−1
sr ĤsrQs

)
Σ̃srQsΣ̃srSs

]
≤ μsSs(26)

Similar to the previous derivation, we define the left side of
(26) as E2, multiply both sides of the expression with S†

s and
apply the trace operator to get

Td

T
tr(E2S

†
s) = μstr(SsS

†
s) (27)

Due to conservation of energy, we know that PdsTd =
tr(Qs)Td + tr(SsS

†
s). When we multiply (24) with Td, and

then add to (27), we have

Td

T
tr(E1Qs) +

Td

T
tr(E2S

†
s) = μsPdsTd (28)

We pull the Lagrangian multiplier from (28) and plug it into
(23) and (26) and finally obtain training signal and transmit
covariance matrices as

Qs =
1

Td

E1Qs

tr(E1Qs) + tr(E2S
†
s)
Pds (29)

Ss =
E2

tr(E1Qs) + tr(E2S
†
s)
PdsTd (30)

Using these fixed point equations, we propose the following

iterative algorithms

Qs(n+ 1) =
1

Td

E1(n)Qs(n)

tr(E1(n)Qs(n)) + tr(E2(n)S
†
s(n))

Pds (31)

Ss(n+ 1) =
E2(n)

tr(E1(n)Qs(n)) + tr(E2(n)S
†
s(n)

PdsTd (32)

Next, we find the relay transmit covariance matrix, Qr, and
relay training signal, Sr, by optimizing Imac(S) with fixedQs

and Ss. This is equivalent to the single user problem which is
solved above and omitted here due to space restrictions.

Case 2: In the second case, (α = 1), R(1,S) = Imac(S)
and the condition Imac(S) ≤ Isr(S) should be satisfied. In this
case, the achievable rate is found by maximizing (19), which
is a MAC problem. The conservation of the energy provides
PdsTd = tr(Qs)Td + tr(SsS

†
s) and PdrTd = tr(Qr)Td +

tr(SrS
†
r). Since most steps in Case 2 are similar to Case 1,

we will not provide all the details in the following derivation.
By taking the derivative of the Lagrangian, we obtain KKT
conditions corresponding to Qs and Qr as

Td

T
E

[
1

W
A−

1

W2
tr (AQs) Σ̃sd

]
≤ μsITd (33)

Td

T
E

[
1

W
B−

1

W2
tr (BQr) Σ̃rd

]
≤ μrITd (34)

where Dmac is the inside of the determinant of (19),
A = Ĥ

†
sdD

−1
macĤsd, B = Ĥ

†
rdD

−1
macĤrd, and W = 1 +

tr(QsΣ̃sd)+ tr(QrΣ̃rd). We define the expectation at the left
hand side of (33) as E3 and the expectation at left hand side
of (34) as E4. In order to obtain equalities for all Qs and Qr,
we multiply the both sides of (33) with Qs and both sides of
(34) with Qr. Finally, we apply trace operator to get

1

T
tr(E3Qs) = μstr(Qs) (35)

1

T
tr(E4Qr) = μrtr(Qr) (36)

Now, we calculate KKT conditions corresponding to the
training signals. By using matrix differential calculus, we can
take the derivative of (19) with respect to Ss and Sr to obtain
the following KKT conditions

Td

T
E

[
1

W2
tr (AQs) Σ̃sdQsΣ̃sdSs

]
≤ μsSs (37)

Td

T
E

[
1

W2
tr (BQr) Σ̃rdQrΣ̃rdSr

]
≤ μrSr (38)

We define the expectations at the left hand sides of (37) and
(38) as E5 and E6 respectively. To obtain equalities for all Ss

and Sr, we multiply both sides of the expressions above with
S†
s and S†

r respectively. Finally, we apply the trace operator
to get

Td

T
tr(E5S

†
s) = μstr(SsS

†
s) (39)

Td

T
tr(E6S

†
r) = μrtr(SrS

†
r) (40)

Using the conservation of energy, we obtain the Lagrange
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multipliers and from there we obtain fixed point equations.
Using these equations, we propose the following iterative
algorithms as in the previous case.

Qs(n+ 1) =
1

Td

E3(n)Qs(n)

tr(E3(n)Qs(n)) + tr(E5(n)S
†
s(n))

Pds (41)

Qr(n+ 1) =
1

Td

E4(n)Qr(n)

tr(E4(n)Qr(n)) + tr(E6(n)S
†
r(n))

Pdr (42)

Ss(n+ 1) =
E5(n)

tr(E3(n)A†(n)) + tr(E5(n)S
†
s(n))

PdsTd (43)

Sr(n+ 1) =
E6(n)

tr(E4(n)B†(n)) + tr(E6(n)S
†
r(n))

PdrTd (44)

Case 3: In the third case, (0 < α < 1), R(α,Q) =
Imac(Q) + (1 − α)Isr(Q) and the condition Imac(Q) =
Isr(Q) should be satisfied. Due to space constraint, we skip
the details of this derivation. One can follow similar steps to
Case 1 and Case 2 in order to obtain the following algorithm

Qs(n+ 1) =
1

Td

αE3(n)Qs(n)+(1− α)E1(n)Qs(n)

X
Pds (45)

Qr(n+ 1) =
1

Td

(1− α)E4(n)Qr(n)

Y
Pdr (46)

Ss(n+ 1) =
αE5(n) + (1− α)E2(n)

X
PdsTd (47)

Sr(n+ 1) =
(1− α)E6(n)

Y
PdrTd (48)

where X = tr(αE3(n)Qs(n) + (1 − α)E1(n)Qs(n)) +
tr(αE5(n)S

†
s(n) + (1 − α)E2(n)S

†
s(n)) and Y = (1 −

α)tr(E4(n)Qr(n)) + (1− α)tr(E6(n)S
†
r(n)).

VI. NUMERICAL RESULTS

In this section, we simulate our iterative algorithms. In
Fig. 2, we considered a system where all nodes have three
antennas. We found the lower bound for three different channel
covariance examples. For the channel covariance matrix that
result in Case 1, the capacity expression is equal to Isr . For
this channel parameters, the lower bound is 2.9 bit/sec. For the
channel covariance matrix that result in Case 2, the capacity
expression is equal to Imac. For this channel conditions, the
lower bound is 2.58 bit/sec. For the channel covariance matrix
that result in Case 3, the lower bound on the capacity is the
value at the point α = 0.2. The lower bound value is 2.7
bit/sec. More detailed numerical analysis will be provided in
the extended journal version of this work.

VII. CONCLUSION

We analyzed achievable rates under noisy channel estima-
tion in a full-duplex DF MIMO relay channel, where the
transmitters have covariance information of the channel. By
utilizing matrix differential calculus, the joint optimization
problem is solved over training signals, training duration,
training power and transmit covariance matrices of the source
and relay nodes. It is important to note that the proposed
iterative algorithms solve for all matrices directly without first
decomposing into their eigenvalues and eigenvectors.
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Fig. 2. Capacity lower bounds that result in three different cases, i.e., α∗
= 0

for the solid, α∗
= 1 for the dotted, and α

∗
= 0.2 for the dashed line.
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